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We demonstrate that the quantum phase transition (QPT) of the Rabi model and critical dynamics near the
QPT can be probed in the setup of a single trapped ion. We first show that there exists equilibrium and non-
equilibrium universal functions of the Rabi model by finding a proper rescaling of the system parameters and
observables. We then propose a scheme that can faithfully realize the Rabi model in the limit of a large ratio
of the effective atomic transition frequency to the oscillator frequency using a single trapped-ion and therefore
the QPT. It is demonstrated that the predicted universal functions can indeed be observed based on our scheme.
Finally, the effects of realistic noise sources on probing the universal functions in experiments are examined.
Introduction.— The experimental realization of quantum
phase transition (QPT) in a well-controlled quantum system
is of considerable interest [1–9]. This is particularly impor-
tant for the study of the dynamics of QPT where a controlled
change of the system parameters are necessary [10–12]. Un-
derstanding the dynamics of QPT is at the frontier of the study
of critical phenomena; the full extent of the universality in
non-equilibrium dynamics of a system that undergoes a QPT
remains to be determined [13, 14] and its theoretical under-
pinnings are being actively investigated [15–20].
Trapped ions are a particularly promising platform for this
purpose thanks to the possibility of precise coherent quantum
controls and high-fidelity measurements [3–5] as exemplified
by the recent observation of the dynamics of classical phase
transitions [21, 22]. A major challenge, however, lies in the
fact that the QPT typically occurs in a thermodynamic limit
where the number of system constituents diverges [23]. Al-
though the universality manifests itself even for a system of
finite size in the form of finite-size scaling relations [24, 25], it
emerges only when the system size is sufficiently large; more-
over, a controlled change in the system size under otherwise
unchanged conditions is necessary in order to observe the crit-
ical exponents. In this respect, and despite the advances in
trapped-ion technologies, it is still a formidable challenge to
scale up the system size sufficiently to enable the observa-
tion of critical phenomena while maintaining the controllabil-
ity and the coherence of the system [5].
Recently, it has been shown in Ref. [20, 26] that even a
single two-level atom coupled to a harmonic oscillator may
undergo a second-order QPT. The experimental realization of
such a finite-system QPT is highly desirable, as it opens a
possibility to study the dynamics of QPT in a small, fully con-
trolled quantum system with a high degree of coherence with-
out the necessity of the scalability in the number of system
components; however, the required parameter regime [20, 26]
that includes simultaneously extremely large detuning [27–
29] and large coupling strength [30–32] has made it difficult
to find a suitable experimental platform to realize the finite-
system QPT.
In this letter, we demonstrate that the QPT of the Rabi
model, as well as universal dynamics of this QPT, can be ob-
served experimentally with a single trapped-ion. Before dis-
cussing a trapped-ion realization, we first demonstrate the ex-
istence of a non-equilibrium universal function for the adia-
batic dynamics of the Rabi QPT which goes beyond a power-
law behavior predicted by Kibble-Zurek mechanism [10–
12, 20]. Interestingly, we show that while the latter is diffi-
cult to observe directly in the trapped ion setup, the former is
readily accessible under the same conditions. Moreover, for
the equilibrium QPT, we find a scaling function for the atomic
population of the ground state, which we propose to use to
measure the finite-size scaling exponent of the ground state.
We then consider a concrete trapped-ion realization where
the Rabi model is realized by dichromatic sideband lasers such
that the atom-coupling strength can be modulated by the inten-
sity of the lasers while the atomic and oscillator frequency can
be chosen by the frequency of the lasers [33, 34]. However,
we show that, in the limit of our interest where the critical
behavior emerges, the standard approach based on traveling-
wave lasers [33, 34] cannot faithfully realize the Rabi model
and obscures its universal behavior. We propose and analyse a
standing-wave configuration [35, 36] taking into account cur-
rent experimental limitations and show that it can overcome
current limitations to achieve a high-fidelity realization of the
Rabi model. More specifically, by solving the dynamics of
the single trapped-ion in a standing wave configuration where
the Rabi frequencies associated with the applied lasers is adi-
abatically changed, we demonstrate that it is indeed possible
to observe the universal functions, predicted in the first part of
the letter, in a realistic trapped-ion setup.
Finally, we examine the effect of different noise sources
in our proposed ion trap realisation on probing the univer-
sal functions. It is shown that the non-equilibrium universal
function is noise-resilient thanks to the short adiabatic evolu-
tion time that is required. The equilibrium scaling function,
however, in general turns out to be strongly affected by the
noise and thus difficult to observe; nevertheless, we show that
its asymptotic behavior is still unaffected by the noises, which
allows us to measure quantitatively the finite-frequency scal-
ing exponent.
Finite-frequency scaling.— The Rabi Hamiltonian reads
HRabi = ω0a†a +
Ω
2
σz − λ(a + a†)σx (1)
where σx,z are the Pauli matrices for a two-level atom and
a (a†) is an annihilation (creation) operator for a cavity field.
The oscillator frequency isω0, the atomic transition frequency
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2Ω, and the coupling strength λ. We introduce a dimension-
less coupling constant g = 2λ/
√
ω0Ω and the frequency ratio
R = Ω/ω0. In the R → ∞ limit, the Rabi model undergoes a
second-order QPT at the critical point g = 1 [20]. For large
but not infinite R, the ground state expectation values and the
energy spectrum exhibit a critical scaling in R, so-called finite-
frequency scaling [20], near the critical point. Here we focus
on the ground state population of the two-level atom, 〈σz〉,
because it is possible to measure it with a high-fidelity in the
trapped-ion system [37, 38], and we derive the analytic ex-
pression for its scaling relations. Below we discuss the main
results, while we refer to the Supplemental Material [39] for
the detailed derivation.
In the R→ ∞ limit we have 〈σz〉 = −1 for g ≤ 1 and 〈σz〉 =
− 1g2 for g > 1 [20]. Then, the singular part of 〈σz〉 is 〈σz〉s ≡
〈σz〉+1 = (1−g−2) and it vanishes as 〈σz〉s ∝ (g−1)γ near the
critical point with a critical exponent γ = 1. We now consider
the singular part of 〈σz〉 as a function of R and g, denoted by
〈σz〉s (R, g), and examine specifically its scaling behavior for
finite R. Particularly, we find the analytical expression of the
finite-frequency scaling for R  1 and g = 1 as
〈σz〉s (R, g = 1) ∝ R−µ (2)
where µ = 2/3 is the finite-frequency scaling exponent of
σz. See the Supplemental Material [39] for the derivation of
Eq. (2) based on a variational method, as well as its excel-
lent agreement with the numerical results. Furthermore, by a
rescaling of the expectation value and coupling strength as
S s ≡ |g − 1|−γ 〈σz〉s , G ≡ R|g − 1|γ/µ, (3)
we find that the ground state population of the spin can be
cast into a universal form, S s(G), which is called as a scal-
ing function [24, 25]. The functional form can be obtained
by (i) calculating 〈σz〉s (R, g) using the numerically exact di-
agonalization for different values of R and g satisfying R  1
and |g − 1|  1 and (ii) plotting the rescaled quantity S s =
|g − 1|−γ 〈σz〉s as a function of G = R|g − 1|γ/µ. As shown
in Fig. 1 (a), all the data points collapse onto a single curve,
confirming the existence and revealing the functional form of
S s(G). We also find an analytic expression for the asymptotic
behavior of S s(G) as limG→0 S s(G) ∝ G−µ, which agrees very
well with the numerical results [Fig. 1 (a)]. We emphasize that
the asymptotic behavior of S s(G) for G  1 is governed by
the finite-frequency scaling exponent µ shown in Eq. (2).
Adiabatic evolution and dynamical scaling.— We now con-
sider an adiabatic dynamics of the Rabi model. To this end
we prepare an initial state |Ψ(t = 0)〉 = |0〉 |↓〉, where |0〉 is the
zero phonon Fock state and |↓〉 is an atomic eigenstate, and
increase the coupling strength linearly in time from gi = 0
to g f for a duration τq, that is, g(t) = g f t/τq. By setting τq
to be large enough to satisfy the adiabatic condition [40], one
can prepare the ground state of the Rabi model with g = g f
for a fixed R to high fidelity and measure σz to observe the
ground state universal function S s(G) and the scaling expo-
nent µ discussed in the previous section. A potential limit to
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FIG. 1. Universal functions of the Rabi model. (a) The rescaled
ground state population S s as a function of the rescaled coupling
strength G = R|g − 1|γ/µ with γ = 1 and µ = 2/3 for different
frequency ratio R = 50, 100, 200, and 400 and coupling strength
0.9 ≤ g ≤ 1. For G  1, it follows a power-law S s ∝ G−µ. (b) The
rescaled residual atomic population S r as a function of a rescaled
quench time T = R−1τq for a fixed value of the rescaled final cou-
pling strength G f = R|g f − 1|γ/µ = 0, 1/2, and 1. The quench time τq
varies from 0.1/ω0 to 100/ω0 and 0.9 ≤ g f ≤ 1. The same values of
R as in (a) has been used.
this approach is that the spectral gap ∆ vanishes at the QPT
(R → ∞) as ∆ ∝ |g − 1|ζ where ζ = 1/2 is its critical expo-
nent [20, 23] and, for a finite R, the gap ∆ of HRabi decays as
a power-law ∆ ∝ R−µζ/γ = R−1/3 near the critical point; there-
fore, for a large value of R, the adiabatic condition will require
τq to be much larger than the coherence time of the system.
While we examine the feasibility of the adiabatic preparation
in the last section in much more detail, here we consider the
case when τq becomes progressively smaller; then, the adia-
batic condition starts to break down near the critical point first,
while it is still satisfied away from the critical point. In other
words, we go beyond the equilibrium setting and examine the
universality in adiabatic dynamics of the QPT.
The key insight for the adiabatic dynamics of the QPT is
that due to the critical scaling of the equilibrium properties,
e.g., shown in Eq. (2), one can cast the equation of motion for
the adiabatic evolution into a universal form through a rescal-
ing of parameters [17–19]. For the Rabi model, we find that
by rescaling the evolution time τq as
T ≡ R− γµ(1+ζ) τq, (4)
where γ/µ(1 + ζ) = 1, and together with the rescaling the cou-
pling strength G = R|g − 1|γ/µ already introduced in Eq. (3),
the equation of motion transforms into a universal form [39],
which does not depend on the specific values of system pa-
rameters R or g. As in the case of the ground state QPT, the
central quantity of our interest is the population of the two-
level system. Let us denote 〈σz〉 f (R, g f , τq) as the expecta-
tion value of σz for the final state of the adiabatic evolution
for a given quench time τq at the final coupling strength g f
and the frequency ratio R, and 〈σz〉 (R, g f ) as the ground state
expectation value of σz for a given R and g = g f . Now, we in-
troduce a quantity that we call the residual atomic population
as 〈σz〉r (R, g f , τq) ≡ | 〈σz〉 f (R, g f , τq) − 〈σz〉 (R, g f )|, which
quantifies the non-adiabaticity of the evolution and vanishes
3for a τq satisfying the adiabatic condition. Our main result is
that the rescaled residual atomic population S r ≡ Rµ 〈σz〉r is a
universal function of the rescaled parameters T and G [39]. To
confirm this prediction, we solve the dynamics for different τq
and calculate the residual atomic population for a set of values
of g f and R leading to a fixed value of G f = R|g f −1|γ/µ. Then,
we plot the rescaled residual atomic population S r as a func-
tion of T and show that all the data points with the same value
of G f collapse into a single curve confirming that S r(T,G f )
is a universal function [Fig. 1 (b)]. It is clear that different
choices of G f lead to different universal curves, as S r is a
function of both G f and T [Fig. 1 (b)].
Trapped-ion realization.— Having established both the
equilibrium and non-equilibrium scaling theory of the Rabi
model in terms of the atomic population, here we demon-
strate that it is feasible to probe the predicted scaling functions
[Fig. 1] in a trapped-ion setup. We consider a setup of a single
trapped ion with two traveling-wave lasers, described by the
following Hamiltonian,
HTI(t) = νa†a+
ωI
2
σz+
∑
j=1,2
Ωdj
2
σ+e
i(η j(a+a†)−ωdj t−φdj )+H.c., (5)
where a (σ−) is an annihilation operator for a phonon (inter-
nal levels). The phonon frequency is ν and the transition fre-
quency ωI . For j-th laser, ωdj is the frequency, φ
d
j the phase,
Ωdj the Rabi frequency, and η j = k j
√
1/(2mν) is the Lamb-
Dicke parameter with k j being the wave vector and m the
ion mass. We consider two driving frequencies to be tuned
near the blue-sideband and red-sideband transition, respec-
tively, i.e., ωd1,2 = ωI ∓ ν + δ1,2, where δ1,2  ν are additional
detunings w.r.t each sidebands and we set Ωd1 = Ω
d
2 = Ω
d,
η1 = η2 = η and φd1 = φ
d
2 = 3pi/2. Note that the so-called op-
tical rotating-wave approximation has already been made to
Eq. (5), which is well-known to hold in this setting.
In the rotating frame with respect to H0TI = (ν − ω˜0)a†a +
1
2 (ωI − Ω˜)σz, Eq. (5) becomes time-independent and assumes
the form of the Rabi model [33, 34],
H˜TI(t) = e−iH
0
TItHTI(t)eiH
0
TIt ' ω˜0a†a+ Ω˜2 σz− λ˜(a+a
†)σx. (6)
Here the new set of parameters for the Rabi model are
ω˜0 =
1
2
(δ1 − δ2), Ω˜ = 12(δ1 + δ2), λ˜ = ηΩ
d/2, (7)
which are determined by the frequencies and the amplitudes
of the applied lasers. We emphasize that Eq. (6) is valid only
within the Lamb-Dicke regime, i.e., η
√〈(a + a†)2〉  1 and
the vibrational rotating-wave approximation (RWA), therefore
it is not a priori evident that one can probe the QPT of the
Rabi model using this approach. The in and out of equi-
librium universal properties of the Rabi model emerge when
R = Ω˜/ω˜0  1 and g = 2λ˜/
√
ω˜0Ω˜ ' 1. However, the phonon
population in the ground state of the Rabi model monoton-
ically increases as one increases Ω˜/ω˜0, leading to a poten-
tial departure from the Lamb-Dicke regime. Furthermore, the
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FIG. 2. Universal functions S s(G) and S r(T,G) obtained from the
trapped-ion Hamiltonians with the scheme of (a), (b) two lasers (c),
(d) six lasers. The different points corresponds to for different fre-
quency ratios, R = 50, 100, 200 and 400 with a fixed effective oscil-
lator frequency ω˜0/2pi = 200Hz. The solid lines is the result of the
Rabi model presented in Fig. 1. In (a) and (c), the quench time is
chosen as τq = 50/ω˜0 = 250ms to adiabatically prepare the ground
state and obtain S s(G); meanwhile, in (b) and (d), a range of quench
time 0.5ms ≤ τq ≤ 10ms for three different values G = 0, 1/2 and 1
is used to obtain the dynamical scaling function S r(T,G)
strong coupling strength λ˜ '
√
ω˜0Ω˜ requires a large Rabi fre-
quency of the laser, which could break the vibrational rotating
wave approximation. Hence we now need to study in detail
whether the desired regime R  1 and g  1 can indeed be
reached.
In order to examine whether the Rabi QPT can be probed
in the trapped-ion setup, we apply the adiabatic protocol
discussed in the previous section directly to the trapped-ion
Hamiltonian in Eq. (5) without assuming any simplification,
neither the Lamb-Dicke nor the vibrational RWA. This in-
volves preparing the initial state |Ψ(t = 0)〉 = |0〉 |↓〉 where |0〉
is the zero-phonon Fock state and |↓〉 is the low-energy state
of the ion, and adiabatically turning on the Rabi frequency
Ωd(t) of the two lasers for a duration of τq until it reaches the
desired final value of g = g f ; that is, Ωd(t) = Ωdf t/τq with
Ωdf = g f
√
δ21 − δ22/2η, while the detunings δ1,2 are chosen to
realize a fixed value of R and remain fixed during the adi-
abatic evolution. Then, one measures the population of the
internal levels σz of the final states of the adiabatic evolution,
from which one finds the universal scaling function S s(G) and
S r(T,G) through the rescaling of the parameters as described
in the previous section.
A possible set of parameters for the Rabi model realized in
the trapped ion set up would be ω˜0/2pi = 200Hz and 10kHz ≤
Ω˜/2pi ≤ 80kHz so that the frequency ratios 50 ≤ R ≤ 400
4can be explored. This in turn implies that the Rabi frequency
at the critical point g = 1 is 23.6kHz ≤ Ωd/2pi ≤ 66.6kHz,
respectively, where we have used the Lamb-Dicke parame-
ter η = 0.06. For the adiabatic preparation of the ground
state, the considered evolution time is τq = 50/ω˜0 = 250ms
(below we discuss possible drawbacks concerning long-time
evolutions) which approximately satisfies the adiabatic con-
dition [39]. Meanwhile, for the dynamical scaling, one can
choose a smaller range, 0.1/ω˜0 ≤ τq ≤ 2/ω˜0, or equivalently,
0.5ms ≤ τq ≤ 10ms. The numerical results with the above pa-
rameters are shown in Fig. 2 (a) and (b). We observe a strong
deviation from the theoretical prediction of the Rabi model
and the rescaled expectation values do not collapse into the
predicted universal function.
We identify that a leading order contribution to the break-
down of the Eq. (6) is a carrier interaction, i.e., −i Ωd2 (σ+eiδ jt −
σ−e−iδ jt) for j = 1, 2, that is induced by the both sideband
transitions due to the large Rabi frequency Ωd used to achieve
a strong coupling strength λ˜. The effect of this spurious pro-
cess becomes dominant for R  1 and obscures the univer-
sality of the Rabi model [Fig. 2 (a,b)]. To resolve this is-
sue, we propose to use a standing wave configuration for the
sideband lasers so that the carrier interaction is suppressed in
the leading order. That is, we consider two additional lasers
in the Eq. (5), labeled as j = 3, 4, such that ωd3 = ω
d
1 and
ωd4 = ω
d
2 and η1 = −η3 and η2 = −η4. The phases are cho-
sen as φ3 = φ4 = pi/2, so that the ion is located at node of
the standing wave when the Rabi frequencies of two counter-
propagating lasers are set to be identical Ωd3,4 = Ω
d
1,2 = Ω
d.
Note that in the standing wave configuration, the effective
coupling strength becomes λ˜ = ηΩd. This means that to
reach the critical point g = 1, one would need 11.8kHz ≤
Ωd/2pi ≤ 33.3kHz which is a factor 2 smaller than the trav-
eling wave configuration. With the same parameters used for
the travelling-wave configuration except for the Rabi frequen-
cies, we present the numerical results of the adiabatic evolu-
tion with the standing-wave configuration described above in
[Fig. 2 (c) and (d)]. Here, we have taken into account small,
but experimentally inevitable differences in the Rabi frequen-
cies of the counter-propagating lasers, i.e., Ω3,4 , Ω1,2. Even
with 8% of error in the Rabi frequencies leading to an imper-
fect standing wave, the results show an excellent agreement
with the prediction of the Rabi model [Fig. 2 (c) and (d)] and
demonstrate that it is possible to probe the universal scaling
functions of the Rabi model in a trapped-ion setup with the
standing wave configuration.
Effects of noise.— During the adiabatic evolution, various
experimental noise sources will have an impact on the final
states. Here we examine the effects of noise on the dynamics
and demonstrate that the predicted universal functions can be
observed in the realistic experimental conditions. The master
equation that governs the adiabatic evolution is
ρ˙ = − i[HRabi(t), ρ] + ΓdpL[σz] + ΓcL[σ−]
+ ΓaL[a] + ΓhL[a†], (8)
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FIG. 3. Effect of noises on the universal functions. The universal
functions are obtained from the solution of master equation with
a dephasing rate of Γdp = 0.1ω0 and decay and heating rates of
Γc = Γa = Γh = 0.05ω0 (see the main text for further details).
The same system parameter used in the Fig. 1 is considered and
the solid lines correspond to the Rabi model results as in Fig. 1.
(a) While the graphs corresponding to the different system size R
do not collapse, the asymptotic scaling G−µ for G  1 is pre-
served. (b) The dynamical scaling function is robust against noise.
Note that we have constrained the range of τq to rather short times,
0.1/ω0 ≤ τq ≤ 0.275/ω0 as the longer time evolution deviates from
the universal behavior due to the effect of noise [39]; while this leads
to smaller data points than Fig. 1 and 2, it nevertheless correctly re-
veals the substantial part of the universal function.
where L[x] = xρx† − x†xρ/2 − ρx†x/2 is the Lindbladian su-
peroperator. A typical parameter for dephasing of the internal
states of the ion is Γdp/2pi = 20Hz and the rest can be esti-
mated as Γc/2pi = Γa/2pi = Γh/2pi = 10Hz. Therefore, we set
Γdp/ω0 = 0.1 and Γc/ω0 = Γa/ω0 = Γh/ω0 = 0.05 and solve
the adiabatic dynamics with the same parameter sets used in
the previous sections.
As shown in Fig. 3 (a), the ground state scaling function
S s(G) is in fact strongly influenced by the effect of noise.
For the different frequency ratio R, the graphs no longer col-
lapse onto the theoretically predicted universal function. This
comes from the fact that the long evolution time τq ∼ 250ms
required for the adiabatic condition is much larger than the
coherence time of the ion, which is about 50ms. Interestingly,
however, the asymptotic behavior of S s(G) for G  1 still
follows the predicted power-law of G−µ. Therefore, our sim-
ulation shows that one can quantitatively measure the finite-
frequency scaling exponent of σz of the ground state, even in
the presence of the noises. The measurement of the finite-
frequency scaling exponent could serve as an experimental
confirmation of the quantum phase transition of the Rabi
model [20].
On the other hand, we find that the non-equilibrium uni-
versal function S r(T,G) is much more robust to the effect of
noise. As shown in Fig. 3 (b), the rescaled data points collapse
into a single universal curve. Although there is a slight devia-
tion from the ideal case, the universality in the dynamics still
remains intact. The robustness of the non-equilibrium univer-
sal function to noises stems from the relatively short evolu-
tion time τq compared to the coherence time. While the small
spectral gap near the critical point necessitates a very large τq
5for the adiabatic preparation of the ground state, the nearly
adiabatic dynamics considered here requires the adiabaticity
only away from the critical point where the energy gap does
not vanish, which makes its experimental observation more
favorable than the equilibrium case.
Conclusion.— We have demonstrated that the Rabi QPT
and its universal dynamics can be observed in a trapped-
ion setup with a single ion using the equilibrium and non-
equilibrium universal functions as a probe thus opening the
doors for the experimental exploration of the properties of
second-order quantum phase transitions with trapped ions.
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6Supplemental Material:
Probing the Dynamics of Superradiant Quantum Phase Transition in a Single Trapped-Ion
SECTION A: GROUND-STATE FINITE-FREQUENCY SCALING ANALYSIS FOR 〈σz〉
Here we present a derivation for the finite-frequency scaling relation for the ground state of the Rabi Hamiltonian, particularly
the atomic population 〈σz〉, shown in Eq. (2) of the main text. Following the Ref. [S1], we first apply a unitary transformation to
the Rabi Hamiltonian which decouples the spin subspace up to the fourth order in the coupling strength λ, that is,
H′ = U†HRabiU = ω0a†a +
Ω
2
σz +
ω0g2
4
(a + a†)2σz −
g4ω20
16Ω
(a + a†)4σz + O
g2ω30
Ω2
 , (S1)
where
U = exp
[
λ
Ω
(a + a†)
(
1 − 4λ
2
3Ω2
(a + a†)2
)
(σ+ − σ−)
]
. (S2)
An approximate solution for the ground state wave function of H′ at g = 1 can be obtained by a variational method [S1], which
leads to ∣∣∣φ′G(R, g = 1)〉 = S[s(R)] |0〉 |↓〉 (S3)
where S[s] = exp[ s2 (a†2 − a2)] and
s(R) =
1
6
ln
(
2
3
R
)
. (S4)
From this variational solution, we obtain the expectation value of σz for the ground state of the Rabi Hamiltonian as
〈σz〉 (R, g = 1) = 〈↓| 〈0| S†[s(R)]U†σzUS[s(R)] |↓〉 |0〉
= 〈↓| 〈0| S†[s]
(
σz(1 − 12R (a + a
†)2) + σx
1√
R
(a + a†) + O((ω0/Ω)3/2)
)
S[s] |↓〉 |0〉
' −1 + 1
3
(
2
3
R
)−2/3
. (S5)
It follows that
〈σz〉s (R, g = 1) = 〈σz〉 (Ω/ω0, g = 1) + 1 ∝ R−2/3, (S6)
which is the Eq. (2) of the main text. In the Fig. S1, we confirm the above prediction using the numerically exact diagonalization
of the Rabi Hamiltonian. For the frequency ratio R > 50, 〈σz〉 (R, g = 1) does show a power-law with exponent µ = 2/3.
SECTION B: NON-EQUILIBRIUM SCALING ANALYSIS FOR 〈σz〉
In this section, we derive a proper rescaling of parameters that casts an equation of motion for the adiabatic evolution into
a universal form in the R  1 limit following the procedure of Ref. [S2]. This rescaling is used to reveal the non-equilibrium
universal function for the residual population of the ion introduced in the main text. Recall that we consider a linear driving
g(t) = g f t/τq, in which the rate g˙ = g f /τq is controlled by the quench time τq. The wave function at time t can be written as
|Ψ(t)〉 =
∞∑
n=0
cn(t)e
−i ∫ tt0 En(t′)dt′ ∣∣∣∣φng(t)〉 , (S7)
where
∣∣∣∣φng(t)〉 are the instantaneous eigenstates of the Rabi Hamiltonian at g(t), i.e., HRabi(g(t)) ∣∣∣∣φng(t)〉 = En(g(t)) ∣∣∣∣φng(t)〉. The
Schro¨dinger equation can then be written in terms of cn(g),
d
dg
cn(g) =
∑
m,n
e
−i τqg f
∫ g
g0
∆Rn,m(g
′)dg′
χRn,m(g)cm(g), (S8)
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FIG. S1. Scaling of 〈σz〉s (R, g = 1) at the critical point as a function of the frequency ratio R. The orange squares correspond to numerical
diagonalization of HRabi while the solid line to the analytical expression. The power-law scaling perfectly agrees with the theoretical prediction
µ = 2/3 already for R & 50.
where ∆Rn,m(g) and χ
R
n,m(g) are the energy difference and transition amplitude between the nth and mth eigenstates for a given
frequency ratio R, respectively. The latter is given by χRn,m(g) = −
〈
φng
∣∣∣ ∂g ∣∣∣φmg 〉. Both quantities ∆Rn,m(g) and χRn,m(g) follow a
finite-frequency scaling relation for |g − 1|  1 and R  1,
∆Rn,m(g) = |g − 1|ζ F∆n,m (G), (S9)
χRn,m(g) = |g − 1|β Fχn,m (G), (S10)
where G ≡ R |g − 1|γ/µ, and F(G) is their corresponding finite-frequency scaling function. Note that the critical exponents are
given by γ = 1, µ = 2/3, ζ = 1/2 and β = −1 [S1]. Assumming that τq is sufficiently large so that the main non-adiabatic
excitations are formed close to the critical point and using the above finite-frequency scaling relation, the equation of motion
can be rewritten as
d
dG
cn(G) =
∑
m,n
e
−i τqg f R
−µ(1+ζ)/γ µ
γ
∫ G f
G0
F∆n,m (G
′)dG′
Fχn,m (G)cm(G)
µ
γG
. (S11)
Now, it is immediate that by rescaling the quench time τq as T ≡ R−γ/(µ(1+ζ))τq = R−1τq, the equation of motion can be made
to depend only on two rescaled variables, G and T . It is universal in a sense that the equation of motion, and thus the solution
for cn, do not depend on the specific values of R, g f or τq. Using this result, we can construct dynamical scaling functions for
different observables. We focus on the atomic population 〈σz〉. The residual atomic population is defined as
〈σz〉r (R, g f , τq) ≡
∣∣∣〈σz〉 f (R, g f , τq) − 〈σz〉 (R, g f )∣∣∣ , (S12)
where 〈σz〉 f (R, g f , τq) =
〈
Ψ(τq) |σz|Ψ(τq)
〉
is the final population at the end of quench and 〈σz〉 (R, g f ) =
〈
φ0g f
∣∣∣∣σz ∣∣∣∣φ0g f 〉 is the
ground-state expectation value for a given frequency ratio R and final coupling g f . Note that Eq. (S12) can be also written in
terms of 〈σz〉s = 〈σz〉 + 1. Then, we have
〈σz〉r (R, g f , τq) =
∣∣∣∣∣∣∣
∞∑
n=0
∣∣∣cn(τq)∣∣∣2 〈φng f ∣∣∣∣σz ∣∣∣∣φng f 〉s − 〈φ0g f ∣∣∣∣σz ∣∣∣∣φ0g f 〉s
∣∣∣∣∣∣∣
≈
∣∣∣∣〈φ0g f ∣∣∣∣σz ∣∣∣∣φ0g f 〉s∣∣∣∣ S r(c0(τq), c1(τq), ....)
≈ R−µS r(T,G) (S13)
where we have used the fact that
〈
φng f
∣∣∣∣σz ∣∣∣∣φng f 〉s ∼ (2n + 1) 〈φ0g f ∣∣∣∣σz ∣∣∣∣φ0g f 〉s for g f ∼ gc. Therefore, the dynamical scaling function
for 〈σz〉r (R, g f , τq) is obtained as S r(T,G) = Rµ 〈σz〉r (R, g f , τq) where T ≡ R−γ/(µ(1+ζ))τq and G ≡ R |g − 1|γ/µ. In the panel (a)
of Fig. S2, we show the bare dynamics of 〈σz〉r (R, g f , τq) for R = 50, 100, 200 and 400 as a function of the quench time τq and
for three different values of g f which correspond to G = 0, 1/2 and 1. There is no collapse in the bare dynamics, as expected.
In the panel (b) of Fig. S2, however, by rescaling the parameters as prescribed above, there emerges universal curves onto which
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FIG. S2. In (a) the residual atomic population 〈σz〉r (R, g f , τq) for R = 50, 100, 200 and 400 as a function of the quench time τq and g f
corresponding to G = 0, 1/2 and 1. In (b) the same results are depicted with the rescaling of the parameters to show the dynamical scaling
function S r(T,G) as a function of T . For too fast quenches, ω0τq  1, non-universal oscillations emerge since excitations are not mainly
created close to the QPT. This is illustrated for G = 0 with filled points (τq < 0.1/ω0).
all the different curves collapses. When the quench time is too short, ω0τq  1, the collapse does not occur even after rescaling.
This is because the analysis for the adiabatic evolution is no longer valid. The open points correspond to τq > 0.1/ω0 and the
full points at G = 0 correspond to τq < 0.1/ω0. Therefore, S r(T,G) is obtained for quenches with τq > 0.1/ω0.
SECTION C: CONDITION FOR ADIABATIC EVOLUTION
Here we determine the optimal quench time τq for the adiabatic preparation of the ground state at the critical point. The state
is initialized as |Ψ(0)〉 = |0〉 |↓〉, which is the ground state of HRabi at g = 0. We then solve the unitary dynamics and calculate
〈σz〉 (t) = 〈Ψ(t)|σz |Ψ(t)〉 for different R and quench times τq, and then compare it with the expectation value of the instantaneous
ground state 〈σz〉GS . We choose the quench time τq for which the relative difference among 〈σz〉 (t) and 〈σz〉GS is lower than a
certain tolerance value. However, since the energy gap vanishes at the critical point in the R→ ∞ limit [S1, S3], the larger R, the
longer the quench time τq will be needed to keep the deviation below a particular tolerance. We plot for R = 400 the deviation
for different quench times τq in Fig. S3 (a). As one can observe, the adiabatic preparation gets worse as g(t) approaches to the
critical point. However, for τq = 50/ω0, the relative difference drops below 0.1%, which is already reasonable good. Therefore,
we set τq = 50/ω0 in order to achieve an adiabatic preparation of the ground state within 0.1% tolerance error. In Fig. S3 (b),
for a fixed τq = 50/ω0, the relative difference is shown as a function of R, where R = 400 is the worst case at g = 1.
SECTION D: TRAPPED-ION REALIZATION OF RABI MODEL
In this section we present the derivation of the Rabi model realization in a trapped-ion setting, based first on traveling
waves [S4, S5] and then, we extend the scheme to a standing-wave configuration [S6, S7]. A trapped ion of two internal
levels, separated by ωI , is confined in a harmonic trap of frequency ν, and the laser beams induce a coupling between them. The
Hamiltonian can be written as (~ = 1)
HTI(t) = νa†a +
ωI
2
σz +
∑
j
Ωdj
2
σx
[
ei
(
k j xˆ−ωdj t−φdj
)
+ H.c.
]
, (S14)
where the jth laser is characterized by its Rabi frequency Ωdj , frequency ω
d
j , wave vector k j and phase φ
d
j . The ion position
operator is xˆ = x0(a + a†), with x0 =
√
1/(2mν) where m is the ion mass. The Lamb-Dicke parameter is defined as η j = k jx0. In
a rotating frame with respect to H0 = νa†a + ωI2 σz, the previous Hamiltonian reads
HI = eiH0tHTI(t)e−iH0t =
∑
j
Ωdj
2
(
σ+eiωI t + H.c
) (
ei
(
η j(ae−iνt+a†eiνt)−ωdj t−φdj
)
+ H.c
)
. (S15)
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FIG. S3. Relative difference, in %, among 〈σz〉 (t) and the ground state 〈σz〉GS as a function of the coupling parameter g(t). In (a) the relative
difference for R = 400 for different quench rates, ω0τq = 1, 10, 25 and 50. In (b) the relative difference for different values of R and fixed
quench time ω0τq = 50. As g(t) approaches to the critical point g = 1, the deviation increases, but it remains always below 0.1% at any g(t).
Since we are interested in a parameter regime where ωI − ωdj ≈ ±ν, while ωI + ωdj  1, and also Ωdj  ωI + ωdj , we can safely
perform an optical rotating-wave approximation (RWA), which neglects the terms that rotate at frequency ωI +ωdj . This leads to
an approximate Hamiltonian
HI ≈
∑
j
Ωdj
2
(
σ+e
i
(
η j(ae−iνt+a†eiνt)+(ωI−ωdj )t−φdj
)
+ H.c
)
. (S16)
Assuming the Lamb-Dicke regime, η
√
〈(a + a†)2〉  1, we have
eiη(ae
−iνt+a†eiνt) = I + iη
(
ae−iνt + a†eiνt
)
+ O
(
η2
)
. (S17)
To realize the Rabi model in the trapped-ion setting, we need to introduce two traveling waves with frequenciesωd1,2 = ωI±ν−δ1,2,
where δ1,2  ν, giving rise to a blue and red sideband interaction, respectively. This leads to
HI ≈Ω
d
1
2
(
σ+
[
I + iη1
(
ae−iνt + a†eiνt
)]
ei((−ν+δ1)t−φ
d
1) + H.c.
)
+
+
Ωd2
2
(
σ+
[
I + iη2
(
ae−iνt + a†eiνt
)]
ei((ν+δ2)t−φ
d
2) + H.c.
)
. (S18)
At this point, we invoke the RWA to neglect the terms that rotate at frequency ν ∼ MHz, which is valid for a relatively small
Rabi frequency Ωdj ∼ kHz. This approximation is called vibrational RWA, after which we obtain
HI ≈ Ω
d
1η1
2
(
iσ+a†eiδ1te−iφ
d
1 + H.c.
)
+
Ωd2η2
2
(
iσ+aeiδ2te−iφ
d
2 + H.c.
)
. (S19)
We choose Ωd1 = Ω
d
2 = Ω
d and η1 = η2 = η, which leads to
HI ≈ Ω
dη
2
(
σ+
[
iaeiδ2te−iφ
d
2 + ia†eiδ1te−iφ
d
1
]
+ H.c.
)
(S20)
≈ −Ω
dη
2
(
σ+eiΩ˜t + σ−e−iΩ˜t
) (
ae−iω˜0t + a†eiω˜0t
)
(S21)
where in the last step the phases φd1,2 = 3pi/2 were introduced, and 2Ω˜ = δ1 + δ2 as well as 2ω˜0 = δ1 − δ2. Note that the previous
Hamiltonian adopts the form of a Rabi model in the rotating frame of H = Ω˜/2σz + ω˜0a†a,
e−i(Ω˜/2σz+ω˜0a
†a)tHIei(Ω˜/2σz+ω˜0a
†a)t ≈ ω˜0a†a + Ω˜2 σz −
ηΩd
2
σx
(
a + a†
)
. (S22)
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FIG. S4. In panel (a) the finite-frequency scaling of 〈σz〉 (R, g = 1) is presented. The orange squares correspond to the ground state value, as
in Fig. S1, which follows the scaling 〈σz〉 (R, g = 1) ∝ R−µ. The open points correspond to an adiabatic preparation of the ground state for
τq = 50/ω0 with noises, Γdp = 10−1ω0, 10−2ω0 and 10−3ω0, being Γc,a,h = Γdp/2. The smaller the noise rates, the closer to the ground-state
〈σz〉 (R, g = 1). Note, however, that the results do not follow the scaling R−µ, while making use of the finite-frequency scaling function S s(G)
one can indeed witness the scaling exponent µ (see Fig. 3 (a) in the main text). In panel (b) we show the dynamical scaling function S r(T,G)
for Γdp = 0.1ω0 and Γc,a,h = 0.05ω0, as in Fig. 3 (a), but including longer quench times. For 0.1 ≤ ω0τq ≤ 0.275 (full points) the data follows
reasonable well the predicted scaling function, while for 0.275 ≤ ω0τq ≤ 1.0 (open points) stronger deviations appear as a consequence of the
noises, which deteriorate the universal curves.
In the main text, we have shown that the realization of the Rabi model with the traveling wave configuration cannot be used
to observe the predicted universal properties of the Rabi model. This is mainly because the carrier interaction term, which has
been neglected previously by vibrational RWA, becomes more relevant as the detunings δ1,2 increase. To resolve this issue, we
consider a standing wave configuration for each sideband transition. More specifically the blue sideband is now driven by two
traveling lasers, labeled with 1 and 3. The resulting Hamiltonian is
HI ≈ Ω
d
1
2
(
σ+ei((−ν+δ1)t−φ
d
1) + H.c
)
+
Ωd3
2
(
σ+ei((−ν+δ3)t−φ
d
3) + H.c
)
+
+
Ωd1
2
(
iη1σ+
(
ae−iνt + a†eiνt
)
ei((−ν+δ1)t−φ
d
1) + H.c
)
+
Ωd3
2
(
iη3σ+
(
ae−iνt + a†eiνt
)
ei((−ν+δ3)t−φ
d
3) + H.c
)
. (S23)
Therefore, by choosing Ωd1 = Ω
d
3, δ1 = δ3, e
−iφd1 = −e−iφd3 , and η1 = −η3, the carrier interaction term can be suppressed while
the blue sideband interaction term remains. This configuration means that the two lasers are counter-propagating, realizing a
standing wave, and the ion is placed in the node of the standing wave. The procedure to obtain the red detuned standing wave is
identical. The parameters are then Ωd1,2,3,4 = Ω
d, φ1,2 = 3pi/2, φ3,4 = pi/2, ωd1,3 = ωI + ν − δ1, ωd2,4 = ωI − ν − δ2, η1 = −η3 = η
and η2 = −η4 = η, and the resulting Hamiltonian reads
HI ≈ −Ωdη
(
σ+eiΩ˜t + σ−e−iΩ˜t
) (
ae−iω˜0t + a†eiω˜0t
)
, (S24)
with Ω˜ and ω˜0 as defined previously. Note that the coupling strength is now the double as compared with the traveling wave
setting.
The standing wave configuration may have an experimental limitation, namely, the intensities of the two counter-propagating
lasers may be different as discussed in a recent experiment [S7]. Therefore, we analyze the impact of such experimental im-
perfection, Ωd1 , Ω
d
3 and Ω
d
2 , Ω
d
4. For simplicity, we consider Ω
d
3,4 = Ω
d
f (1 + /2) and Ω
d
3,4 = Ω
d
f (1 − /2) where the
Ωdf = (Ω
d
1,2 + Ω
d
3,4)/2 is the desired Rabi frequency and the error is set by . Note that in Ref. [S7], 8% ( = 0.08) of error is
present in the counter-propagating laser intensities. The results with  = 0.08 are plotted in Fig. 2 (c) and (d) of the main text.
SECTION E: EFFECT OF NOISES
In this section, we show the effect of noises for longer quench times τq which might deteriorate the universal scaling functions.
The dynamics of the system is modeled by the following master equation
ρ˙ = −i [HRabi(t), ρ] + ΓdpL[σz] + ΓcL[σ−] + ΓaL[a] + ΓhL[a†], (S25)
11
where L[x] = xρx† − x†xρ/2−ρx†x/2 is the Lindbladian superoperator, and Γ is the corresponding rate. We consider noise rates
for the trapped-ion setting as Γdp = 2pi × 20Hz, and Γc,a,h = 2pi × 10Hz, thus, Γdp/ω0 = 0.1 and Γc,a,h/ω0 = 0.05. However, one
can study the impact of noise rates in the dynamics. For that, we choose Γdp = 10−1ω0, 10−2ω0 and 10−3ω0, being Γc,a,h = Γdp/2.
Then, we can solve the dynamics governed by Eq. (S25) for different R and quench times τq. In the panel (a) of Fig. S4, we plot
the result of the adiabatic preparation of the ground state at the critical point for a fixed quench time ω0τq = 50 and different
noise rates to witness the scaling relation 〈σz〉s (R, g = 1) ∝ R−µ. The effect of the noises obscures the power-law scaling, and
the scaling exponent µ is difficult to be measured this way. In the Fig. 3 (a) of the main text, however, we have shown that the
asymptotic behavior of the scaling function is more robust to the effect of noises and that it allows one to measure the scaling
exponent µ even in the presence of noises. In the panel (b) of Fig. S4, we show the data for S r(T,G) with noise rates Γdp = 0.1ω0
and Γc,a,h = 0.05ω0 for quench times 0.1 ≤ ω0τq ≤ 0.275 (full points) as in Fig. 3 (b), and 0.275 ≤ ω0τq ≤ 1.0 (open points).
The dynamical scaling function S r(T,G) is deteriorated for longer quench times as the noises introduce excitations in the system
which do not obey the universality of the QPT. Therefore, for these given noise rates, S r(T,G) remains intact when the quench
time is in the range of 0.1 ≤ ω0τq ≤ 0.275. Smaller noise rates would lead to a broader range of quench times τq for which
S r(T,G) can be observed.
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